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Let f (x, y) be an indefinite binary quadratic form, d(f) its discriminant, m(f) 
the intimum of If  (x, y)l over all integers x, y  not both zero, and put p(f) = 
rrz(f)d(f)-1/8. In this paper we prove the existence of countably many disjoint 
open intervals Z$ contained in 0 < x < l/3 such that there is no f with r(f) in 
I, (i = 1,2,...) and such that for any interval I containing two intervals Zj , Z, 
there is an f with p(f) in 1. 
1. INTRODUCTION 
Let f(x, y) = ux2 + bxy + cy2 be an indefinite binary quadratic form 
with discriminant d and m(f) the lower bound of values of IfI for integers 
x, y not both zero. We shall be concerned with the set of all possible values of 
df > = 4f Nd”‘, called the Markoff spectrum. 
However, in calculation, it is more convenient to consider h = P.-~. 
A theorem due to Markoff [7] states that there are only denumerably 
many possible values of TV 3 l/3 and that for such p, ,X < 1/5112. In the inter- 
val (0, 4) it has been shown by Hall [3] that there exists So such that the 
spectrum contains every positive number p < 6, and Schecker [8] has 
shown that this is true for l/(21)112. More recently Freiman [2] has given 
the greatest 6, for which this is true. 
Kinney and Pitcher [6] have given a general method for constructing infinite 
families of gaps near l/(12)‘/“. Also, Hightower [4] has shown that there are 
infinitely many distinct gaps approaching (- 1 + 5N2)/4 from either side. 
It is the purpose of this paper to construct another infinite collection of 
gaps about and approaching (2 - 2l/3/2. 
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2. DEFINITIONS AND STATEMENT OF THEOREMS 
DEFINITION. [CX, fi] is a maximal gap if there is no f with LX< X(f) < /I 
but there exist f, , & such that h(h) = CY, h(fs) = /?. 
DEFINITION. [01, j?] is a right (left) maximal gap if there is no f with 
01 < h(f) < /? but there exist &cf,) such that h(f,) = /3 (h(fJ = a). 
THJIOREM 1. There are right maximal gaps [an , &] (n = 1, 2,...) such that 
1365/121 = cul < rs, < 01~ --. < OI,, < /I,, -a. < 6 + 4(2)1/a 
and limn+m 01,, = lim,,, /$, = 6 + 4(2)l12. 
THEORBM 2. There are left maximal gaps [yn , S,] (n = 1, 2,...) such that 
6 + 4(2)l” < s-s yn < 8, < **- 6, < y1 < 6, = 3807713249 
and lim,,, 8, = Em,+ yn = 6 + 4(2)‘12. 
3. SOME BASIC RENJLTS 
Let the simple continued fraction 1 + 21/2 = [2, 2, 2,...] have convergents 
PI/q1 (= 2/l), ps/q2 , ps/qs ,... and for n fixed define 
Also let 
p_ _ Pm+1 --. 
4 9zn+1 
am = ~3~ 4 p)z {c4q -P - (3g - P) 4)” - 11, 
p ?a = 2(2P + 4) 
4 ’ 
y n = 2(5~ + 29) 
P ’ 






(3P - waw9 -P)” - 1) - (3q - p)Y(5q - 2PY - 11 
2(3~ - 79x39 - dw - P)(3p - 79) + (39 - de9 - 2~)) i3 5) 
v, 
(5~ - WWq + P)” - 11 - 4qWq - P)” + 11 
= 4d5p - 7dWq + ~)(5p - 74 + 2d6q - PI> * 
(3.6) 
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The following easily verified formulas are useful in simplifying and 
calculating certain expressions. 
Pm = 2Pm-I -I- Pm-a 3 4m = wn-1 + %-2 (m = 1, 2,...), (3.7) 
= Pm2 - 2Pw& - 9m “=(-lp (m 
Pm-1 = 9m 9 
p2 - 2pq - q2 + 1 = 0. 
1, L...), (3.8) 
(3.9) 
(3.10) 
With these and (3.2), (3.3) we can obtain 
& = 2q 
5q - 2p ’ 
2P yn=-. 
P - 29 
(3.1 I) 
(3.12) 
LEMMA 3.1. With a,, , /In , yn , 6, defined as above, the following is true: 
,&-I < 01% < B, -=c 6 + 4CW2 -=c yn -=c 6, < yn-1, (3.13) 
and lim,,, fin = limnem y,, = 6 + 4(2)l12. 
Proof. Since p/q is an odd convergent to 1 + 2112 we have p/q < 1 + 2lp, 
and then Sn = 2(2(p/q) + 1) < 6 + 4(2)‘P. Similarly q/p > -1 + 21i2 so 
yn = 2(5 + 2(9/p)) > 6 + 4(2)lia. Clearly both yI and p,, tend to 6 + 4(2)lj2 
as n + co. Also if (3.13) is true then it can be seen that CY, and 6, will also tend 
to the same limit as n -+ 03. 
Unfortunately the proofs of the remaining inequalities require extensive 
calculations. For example, &, - a, can be expressed as a fractionf(p, q)/ 
g(p, q), where J g are polynomials in p, q and g(p, q) > 0. Using (3.10) we 
can see that f is homogeneous of degree w  (in this case w  = 9); say f (p, q) = 
q”F(p/q). It is then straightforward to check that 8((x) > 0 in the interval 
[2.4, 1 + 21j8), and this gives Ign > 01, . 
Similarly each of the other inequalities of (3.13) can be shown to be shown 
to be true. 
LEMMA 3.2. ,B,, , y,, are elements of the Markoff spectrum. 
Proof. It is well known that the Markoff spectrum can also be defined in 
terms of sequences of positive integers; see, for example, Dickson [l]. If we 
let S denote the doubly infinite sequence 
. . . . a+. ,..., a-, , a, , a, ,..., ai ,... 
64r/rz/z-5 
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of positive integers, and for each i 
si = [u* , a(+, ,... ] + [O; U&l, at-2 . ..I 
the sum of two simple continued fractions, then if M(S) = sup, S, the Markoff 
spectrum is the set of all possible values of M(S) as S runs through all such 
possible doubly infinite sequences. This set is equivalent to the set of values 
&/2/m = AW. 
Consider the sequence: 
s = 12 *** 212 12 -*- 212, m = 1, 2,... . 
-z- -7.r 
(The horizontal bar indicates an infinitely repeated block of partial quotients.) 
If ai = 1 then 
s, = [12 ***I + [O; 2 ***I 
< [123] + [O; 231 
<2 
and ai = 2 will give M(S) > 2. 
Now either &, ai+r) = (1, I), (1, 2), (2, 1) or (2, 2). 
In the first case 
s, > [212] + 10; 121 = 33. 
In the last three cases 
Si < [223] + [O; 131 < 3.2. 
Therefore 
M(S) = [212 *** 211 + [O; 12 *** 2121 
xi- -z- 
= 2 + 2[0; 12 -*a 2121. 
-zi- 
Now, if E = [I2 **- 2121 then l/c = [O; 12 *-* 212~3, which gives 
m m 
EYPm,, - 2P,) - 4Pv& - 2P7n = 0 
with a solution l/e = (pm+2/2qm+#fl - 1. 
Hence 
M(s) = 2 + 2 1 (*)1’2 - 11 = (&y2. 
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However, we require elements of the spectrum in the form d/mz so we need 
to consider M(Q2, that is to say we have elements of the spectrum 
2P?n+z 
9 m = 1, 2,... . 
%+1 
If we let m = 2n then 
2Pvn+2 2P2*+2 2(2P + 4) --=--zz 
c&n+1 42n+1 4 
Ifweletm=2n+ 1 then 
2Pm+z _ 2P2n+3 2(5~ + 4) ----L= 
%I+1 92n+2 P 
Therefore ,%, yn are elements of the spectrum. 
4. THE GAPS 
B VI. 
Yn . 
In this section the initial construction will be based upon that of Jackson [5]. 
By considering h(f) = d(f)/m2(f) we can see that h is invariant under 
multiplication off by a nonzero factor. So there is no loss in generality in 
taking m(f) = 1 to be the lower bound of the positive values of $ Also we 
can suppose, without loss of generality that f(1, 0) = 1. (See [4].) So we 
obtain 
fk Y> = (x + EY>” - &V (4.1) 
and by a transformation x + Ax + ky, k a suitable integer, we can take 
g<E<l. (4.2) 
Since 1 f(x, y)l 2 1, the one of the following is true for (x, y) # (0,O): 
P(x,Y):q=~~(x+‘i’)2-l, I\v” 
iv@, y): y = fy>(x+g)2+1. 
(4.3) 
(4.4) 
LEMMA 4.1. [cx~, 81 = [1365/121, 58/5], [rl , S,] = [35/3, 38077/3249] 
are maximal gaps. 
Proof. Jackson proved that [a1 , pl] is a maximal gap. 
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Now assume that yr < d < 6, 
iV(1, 1) 3 d/4 > (1 + @ -t- 1 
=+d213. 
But S, -=c 12 so P(1, 1) is true. 
Now considerf(l7, 24). If P(17, 24) is true then 
(45) 
d24a/4 \( (17 + 24~)~ - 1 
=s- d < 3513 = y1 . (4.6) 
But (4.5) and (4.6) imply d = y1 . So if d # y1 then N(17, 24) must be true. 
If P(5, 7) is true then with N(l7, 24) 
2475 -j- 7~)~ - 24= 3 49(17 + 24~)~ + 49 
=a e 2 1931168, 
which contradicts (4.2) and so N(5, 7) is true. Similarly N(5, 7) with P(18, 25) 
implies c > 1 so N(l8, 25) is true. 
If we consider P(1, 1) with P(8, -3) then 
9d/4 < min(9(1 + e)” - 9; (8 - 3~)~ - 11, 
which is greatest for E = 21122 and gives d < 13651121 < y1 and so N(8, -3) 
is true. This with P(1, 1) gives e: >, 65/66. Whereas if we consider P(27, - 10) 
with N(8, -3) we get E < 13/15 < 65~~, which implies N(27, -10) is true. 
Now N(27, -10) with N(18, 25) gives 
lO2252 i > max{252(27 - 10~)~ + 252; 102(18 + 25~)~ + 102} 
which is least for E = 113/l 14 and implies d > 38077~3249 = 6, . Therefore 
(4.5) implies d = 6, . And so [rl, S,] is a gap. 
Now we need to show that 6, is an element of the Markoff spectrum thus 
making [rI , a,] a maximal gap. 
Using the method of Lemma 3.2 we consider the sequence 
s = 121121212212 121121212212. 
It can readily be shown that here 
M(s> = [2tm] + [O; 1221212112121 
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Therefore 6, = 38077/3249 is an element of the Markoff spectrum and thus 
[rl , S,] is a maximal gap. 
THEOREM 1. Given a, , /3* as in (3.1), (3.2) then [alla , &J are right-maximal 
gaps for all n >, 1. 
Proof: By Lemma 4.1 [CQ , /II] is a gap and N(27, -10) is true whenever 
d > aI. So for some k > 1 suppose inductively that [c+-~ , /3,-J is a gap and 
that N(3q2k-l + p2k-1 , -2q,,-,) holds whenever d > CQ+~ . 
Assume that 
ak d a' d pk. (4.7) 
We have that N(3q,,-, + p2k--1 , -2q,& is true, that is, 
W%k+1 - %%k+l , 4P,k+, - W,k,l) = N(13q - 5P, 4P - 104) (4.8) 
is true. This is clearly so as ak > &1. Now, suppose that N(5q - 2p, 
3p - 7q) is true. Then with (4.8) 
(4p - lOq)2(3p - 7q)Z g 
>, max((3p - 7q)2(13 - 5p + (4p - 1Oq)~)~ + (3p - 79)“; 
(4p - 1Oq)2(5q - 2p + (3p - 7q)c)2 + (4p - fOq)“l. 
This maximum is least for 
’ 
(3p - 7q)2((13q - 5py + I) - ((5q - 2p)2 + 
zm 
1)(4p - 1Oq)” 
2(4p - 1 odm - 7dwp - mqwq - 2~) - (3~ - 79x139 - 5~)) 
< I. 
That E < 1 can easily be shown by considering 1 - E and using (3.10) to 
simplify the expression. Now, with this value of E and N(5q - 2p, 3p - 7q), 
using the method of Lemma 3.1 it can be shown that d > & . Therefore (4.7) 
requires P(5q - 2p, 3p - 7q) to be true. 
Now if P(4q - p, -(3q - p)) is true then 
(3q - Pj2(3P - w2 3 
< min((3q - p)2(5q - 2p + (3p - 7q)E)2 - (3q - p)“; 
(3P - W2(4q - P - (3q - Pk)” - (3p - 7q)“l, 
where the minimum is greatest for E = Kk in (3.5). Thus P(4q - p, -(3q - p)) 
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implies that d < ak which if d # ak contradicts (4.7) and so N(4q - p, 
-(3q - p)) is true. This with P(3q + p, -2q) gives 
whereas N(4q - p, -3q - p)) and P(1, 1) gives 
E > t4q -P)” + 1 
’ WI - p)Vq - 2P) * 
(4.10) 
Manipulation of (4.10) and (4.9) soon shows that they give a contradiction 
and so we require iV(3q + p, -2q) to be true. 
Also N(3q + p, -2q) implies 
dq2 >, (3q + P - 2qc12 + 1 = (p + q12 + 1 
~ d > 2(2p + 4) = p 
4 
k- 
Thus we have a gap [czk, flk] with iV(3q + p, -2q) true and so with Lemma 3.2 
we have a sequence of right maximal gaps. 
THEOREM 2. Given yla , 6, as in (3.3), (3.4) then [m , S,] are left-maximal 
gaps for all n 3 1. 
Proof. Suppose 
yn < d < 8, . (4.11) 
Then if P(p + q, 2p) is true we have 
dp2 < (p + q + 2p~)~ - 1 
> d ,( 2(5p + 2q) = Yn 
P 
Also by (4.11) either d = yla or N(p + q, 2p) is true. Suppose d # yn . 
P(q, p - q) with MP + q, 2~) gives 
E > 2P2 - 2Pq + q2 > 1 
’ 2P(P - 4) ’ 
which contradicts (4.2) giving N(q, p - q) is true. Also P(6q - p, 5p - 7q) 
with N(q, p - q) gives E > 1 so N(6q - p, 5p - 7q) is true. 
Now notice that from Theorem 1 we can take iV(3q + p, -2q) to be true 
as from Lemma 3.1, yn > rBn . 
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Therefore 
(5~ - 7qY q2d 2 max ((5~ - 7qj2(3q + p - 2qej2 + (5~ - 7q12; 
ti2(6q - P + (5~ - W42 + 4q3, 
which is least for E = v, and implies that d >, 6, . 
Hence by Lemma 3.2 the intervals [yn , S,] form a sequence of left- 
maximal gaps for n 2 1. 
Remarks. It can soon be seen that for n greater than one the gaps of 
theorems one and two are not maximal. It seems likely that they can be 
extended to be maximal, however the calculations necessary to show this 
via the methods used are prohibitive. 
Finally, the work of Kinney and Pitcher shows that infinite families of 
gaps can be constructed near 1/(12)li2 and Hightower has shown that there 
exists an infinite family associated with the first of the Markoff minima. In 
this paper it has been shown that there exists another infinite family asso- 
ciated with the second Markoff minimum. This suggests the conjecture that 
to each of the Markoff minima there is an associated family of gaps. The 
author hopes to return to this in a future paper. 
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